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SMALL-DIAMETER STRUCTURE WITH UNILATERAL
INSIDE CONTACTS

A. G. Kolpakov UDC 539.3

An asymptotic expansion was formally constructed in [1] for the problem of contacting elastic bodies with a small
diameter €. Passage to the limit (at £ - 0) yields a unidimensional problem. The corresponding equilibrium equations coincide
with the classical equations [2, 3]. The constitutive equations are obtained by solving a so-called mesh problem on a mesh with
a periodic structure. This approach can be used in particular to study textiles [4].

1. Formulation of the Problem. We will examine a periodic structure formed by elastic elements that can be placed
in ideal contact (Fig. 1). The structure occupies the region {1, having the characteristic diameter ¢ < 1 (which is formalized
in the form £ - 0 [1, 2]). A cell of the structure (shown in Fig. 2 in terms of the dimensionless variables y = x/¢) has the same
characteristic dimension. The elastic constants of the elements of this structure will be designated as a““aijk,(x/e). The functions
@y are assigned to be periodic with respect to y,. They have the period m (Fig. 2) and are bounded. The coefficient etis
introduced to account for the order of bending stiffness. The presence of contacts is accounted for as follows [5, 6]. We
introduce the function space

V.={u€e A (): u(x) =0 on [? (see Fig.1)}
and formulate the condition for the displacements u® of elements of the structure:

wEM¥)={u€V,: [un]=0 onthecontact surfaces } 1.1

(where n is a normal vector). By contact surfaces, we mean surfaces on which the structural elements might come into contact.
If we a priori exclude the possibility of the existence of such surfaces, then the entire surface of the elements is taken as the
contact surface. In local variables y within a given cell Py = ¢™!P, = {y = x/e: x € P} (see Figs. 1 and 2) the contact
condition has the form

W, YYEM=({ueEH (P) [un]=0 1.2)
on the contact surfaces and u is periodic with respect to y,, having the period m}. The variable x; in (1.2) is "frozen." The

braces in (1.1) and (1.2) denote a jump — the difference in the values of the function on different sides of a contact surface [6].
The displacements u® are found by solving the variational inequality [5, 6]

f{ of (U = V)ydv — e { g —v)ds> —e” t{ fu' -v)adv 13

for any v € M(V,), where

T . .4
O = € @y (X/€) Ui

(1.4)

Summation is carried out over the repeating indices.
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Note 1. The multiplier ¢~* in Hooke’s law (1.4) accounts for the fact that the bending stiffness of the beam is proportional to
its diameter to the fourth power [7]. The proportionality of the forces f and g to the quantity 2 is related to allowance for their
orders in beam models [7, 3].

If the conditions ay,, f, g € C (R3) are satisfied and the region 0, has the boundary C!, then problem (1.1), (1.3), (1.4)
is unambiguously solvable in M(V,) for any ¢ > 0 [5, 6]. Our goal is to analyze the problem for ¢ - 0.

2. Formal Asymptotic Expansion. We will analyze the problem by using the two-scale method [6], which is based on
simultaneous use of the initial x and local y = x/e variables and representation of the solution in the form of a series in powers
of ¢, i.e., we will construct a formal asymptotic expansion [1] in the form proposed in {3]

ut = u (x) + e (x, y) =D U (xy, y)s @.1)
k=0
V= V(o) (Xl) + EV(I) (Xh y) + .= 2 €kV(k) (xly Y)§ (2.2)
k=0
ofj = 6_40,5-4) + .= 2 E’"O,(,'m) (x1, Y)» (2.3)
m=-4

where the functions in the right sides of (2.1)-(2.3) are periodic with respect to y,, having the period m.
Let us change over to the variables x,, y in (1.1) and (1.3), (1.4) as well. In these variables, the functions f(x,, y) are
differentiated according to the rule

a a0 9, 19 =2 24
ox;  0x Wi Oxe O Ove (@=23. 24)
Here and below, the Greek-letter indices take values of 2 and 3, the Roman-letter indices have values of 1, 2, and 3, and the
following notation is used: ,1x = 8/dx, and ,iy = 3/dy;.

Substitution of the variables in the integrals from (1.3) and substitution of (2.4) yields

o0 o
Z E EZ f (em+k—lc‘(;n)u;i'kl; + enrd»ko‘(in)"{kz\') dv +

k=0 m=—3 QL (2.5)
+ et [gwhds = = 3 & [ twPav
k=0 r k=0 Q

foranyv € M (1)).

Here, 1, = {(x;, Y2, ¥3): X € Q,}, I'; = {(X, ¥, ¥3): x € T} have a characteristic diameter equal to unity; wh =
® _ gk
u v,

Insertion of (2.1) and (2.3) into Hooke’s law (1.4) gives [3]

o™ = ayu (y) ully™ + @y () ul®  (m= -4, -3, ...). 2.6)

3. Equilibrium Equations. We will only briefly discuss the derivation of the equilibrium equations for thin structures,
since this procedure has by now become standard [2, 3, 8]. We will examine Eq. (2.5) with w = w°(x1) € Cl(-1,1]). In
the given case, it takes the form
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m+ m 0 (0) = - -
‘{a 1680 dv ~ fgw‘ ds » - ﬁf)fw dv (m 4, -3,..) 3.1

for any v € C! ([-1, 1)).
Note 2. The following relationship exists between the integrals of rapidly oscillating functions of the form f(x,, x/¢) and
their means [3] at¢ = 0

J 7 (xn, x/¢) du—»f(j)(\l)dn,

Q)

J 7 (xn x/¢) ds » f(/)v (%) dx,,
¥t -1

where () =m™ [ 7(x1, ¥)dY s the meanoveracell; {y = m™" [ /(x, ¥) dY is the mean over the lateral surface of the
P A

cell. It should be noted that we are examining a case in which the projections of 2, (and @,) on the Ox, axis form the segment
[—1, 1] (see Fig. 1).
With allowance for Note 2, we can use (3.1) at & - 0 (keeping in mind that v &€ C ([~1, 1]) to obtain the equalities

(o(m)> =0 (m = —4, —3)7

3.2)
(O )ae = (g + (1)

The quantities {o;,"™) represent axial forces.
Now, in (2.5) we put w = ew'V) (x,, y) = &(yava(x)) + ysv3(xp) Gie., v = u® + ew"). Here, v € M (Q,), which
can be proven directly). For the case being examined, (2.5) takes the form

2 f [F—mo(m) (V2dy + U3dy) + e Dol (ywy 1 + Y, w)ldv +
m==q4 Q)

+ f gV + yvy)ds 2 — Z S £ (ava + yava) av.

m=-4 Q1

Introducing moments by means of the formula [3] My = (y;0;,™) and allowing for Note 2 and the fact that v,, v; € C! ([-1,
1]), we find

(W5 =0 (¢=2,3, i=1,2,3),
~MGL + (o) = (3.3)
-MG3 + (ol b= (giyu)’l + (fi}’u)-

4. Constitutive Relations. The specifics of the given problem are manifest to the greatest extent when the constitutive
relations are derived [1-3, 6-12]. Let us proceed to the construction of these relations.

We choose a test function in the form v = ev!)(y), where v(*X(y) is periodic with respect to y, and has the period m.
For such a choice, by equating terms of order ¢~* in (2.5) we have

f o wdv 2 0 (W = u — V)

for any v € M (). Considering the periodicity of the functions with respect to y; and taking Note 2 into account, we can
rewrite this inequality in the below form (see the proof in [6])
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I{ ol Mwidy = 0 @D

for any v() € M, where in accordance with (2.6)

o™ = agu (y) ully + g (¥) upe (x1)- 42)

In the analogous linear problem (in the absence of contacts), an important role is played by the fact that it is possible
to obtain a solution corresponding to the term a;,;(y) u, 1,”(x;) in (4.2), as well as a solution of the homogeneous problem
in explicit form [3]. These solutions are also useful to have in the present case, if they are obtained by another method. Using
the approach in [9], we represent the solution of (4.1), (4.2) as

u® = UD = o (1) €1 = Yoszp (n) € + V (1), 4.3)

3 at o =2,

where E={2 at o = 3:

s; = 0; s, = 1; s3 = —1; ¢; are orthonormal basis vectors of the standard coordinate system;
o(x,), V(x,) are functions (the determination of which is a subject for further study) satisfying the condition ¢(+1) = V(x1) =
0; UW is a new unknown function; the remaining terms in the right side of (4.3) are introduced as in [3). Insertion of (4.3) into
(4.1) gives

S o9 (U = ¥y, v = (087 u® — (05" — oG @ (x1) > 0.
8}

The last two terms in this inequality are zeros; the first is zero due to (3.5); the second is zero due to the symmetry of o; with
respect to ij (and the consequent symmetry of aij(“‘), m = —4, —3,..). Also, insertion of (4.3) into (4.2) yields

of™ = a (¥) Uk + agu (¥) 4k (x0)- (4.4)

As a result, we arrive at the problem
f [aye (¥) Ui’k + apn (Y) “E‘.»Lv (x)] (Um - V“))i.jydy =0 4.5)
]

for any v € M.

Note3. We introduce the function W = U® +u, ,®y,e; and observe that (4.4) represents the problem of the
microscopic deformation of a cell (of a so-called cellular structure {13-15]) corresponding to averaged (macroscopic) strains
u; 1,®. This observation is useful when a mesh problem is being solved by modeling it by simplified structures [4] or when
allowance is being made for its specific features (such as in [10, 13-17]).

Variational inequality (4.5) is analogous to that obtained in [6] in the averaging of a monolithic body with a periodic
system of distributed cracks. The difference in [6] was that the periodicity condition was formulated for all of the variables and
the cell had no free surface. However, these differences are unimportant for proving the solvability of problem (4.5) and the
uniqueness of its solution to within the functions ¢, V (the proof is analogous to that given in [6]). We will use U(u, @) to
represent the solution of (4.5). Having inserted it into (4.4) and having averaged the result, we obtain the constitutive equation

(0'(1:4)) = (a,»,-k, (y) Uk,ly (ug.?)l.r) + aijll (Y) ug.(.,)l-\)’ (4-6)
which connects the axial force with the axial strain u; ;,©@. Following [6], we establish that 1) (4.6) is the hyperelastic law; 2)
with i = 11 and with the boundary condition u,® (+1) = 0 [this condition following from initial boundary condition (1.1)

and expansion (2.1)], Eq. (3.3) has the unique solution u;¥ (x,) = 0. From this, in turn, we find that U,? (y) = 0 and (4.3)
takes the form
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uh = —}’all.(f)u (x1) € — Yosap {x1) €z + V (x). 4.7
Then ;" = 0 [see (4.2)], and since M;"® = 0 we obtain {a;,C®) = 0 [see (3.3)].

Let us examine the choice of test function v = ev((y). As above, the terms from (2.5) are of the order £~3. For these
terms we have

(=3, 41) M b
’{oij widy =0 (w u vty 4.8)
for any v € M, where in accordance with (2.6)
oY = ay (v) ) + Gy () Whe @.9)
Substitution of (4.7) into (4.9) gives
oi™ = ayu (¥) u®y + g (¥) Vi (¥1) — (4.10)

iy 6] J’allf?,)uu (xlj + @@ (¥) YeSa®P 1x (x1).

Equation (4.10) includes the quantities Vy .. Of the latter, the only quantity having physical significance is V,;, —
corresponding to axial deformation. In the linear case, if we use the solutions obtained in explicit form for the mesh problem
(4.1), (4.2) we can exclude terms containing V, ;, (@ = 2, 3) from (4.10) [3]. In the present case, as in [9] we represent u®
in the form

u® = U? =y (x) e @.11)

Inserting (4.11) into (4.8), with allowance for Note 2 we find

1
S o™ (U = vy, 4dv = [(012Y) Ve rdxy > 0.
Q) -1

4.12)
The last integral in (4.12) is equal to

! =1

J (ot Ve (1) dxy + (o7 Ve ) 3250

-1

When m = -3, the last equality is a consequence of (3.2) and the fact that V(1) = 0. Then taking into account the
periodicity of the function in the remaining integral in (4.12), we arrive (as in [6]) at the following inequality for a cell of the
structure

J o (UP = vy 5dy 2 0,
P

4.13)
which with allowance for (4.10) and (4.11) takes the form
f fa. (¥) Ufcz)ly = aym (¥) Sppar (x1) —
Py
- a;n () Vabtihere (¥1) + Gy (Y) Ve (5] (U(Z) - V(Z))i.jydy >0 (4.14)

for any v € M.
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We introduce the notation: ¢ = V| y,(x;) is the axial deformation of the beam; p, = u, 15, 7(x,) is the curvature of
the beam (in the Ox, plane); ¥ = ¢ |,(x;) is the angle of twist per unit length. Then mesh problem (4.14) can be rewritten in
the form

f (aUB) = ag (¥) s59 = @z (¥) YaPu + @y (¥) €1 (UP = v®), 1dy 2 0 (4.15)

P

for any v € M.

In contrast to the linear case [3, 17], the resulting problem cannot be broken down into mesh problems corresponding
to axial tension, bending, and torsion.
We will use U® (¢, p,, €) to represent the solution of (4.15). It follows from (4.8) and (4.9) that

U‘(j_S) = a,»,»k, (y) Uf(z,)ly (\P’ Puy e) - a']m (y) s(} e w - aljll (y) yapu. + aiill (y) e. (4.16)

Averaging (4.16) over a cell of the structure, multiplying by y;, and averaging again, we obtain the constitutive relations of the
given structure as a uniform unidimensional body:

(057?) = (U (¥, Pa» €)) — {aum (¥)) 5Y¥ —
= {ayn (¥) Yo} Pu + {aunt e
ME? = (panlUZy (Vs Pur €)) = Opun (1)) 79 — @.17)
= (@it (¥) Yo Pu + Optan (¥ ne

5. Boundary Conditions. The nonlinearity of the problem does not affect boundary conditions (1.1) or expansion (2.1).
Thus, the boundary conditions for the unidimensional problem are obtained in the same manner as in [3] and have the form

Vi) =0, «@=1)=ul (x1)=0, y(xl)=0. G.1)

6. Closed System of Equations for the Unidimensional Problem. As noted above, parts of Egs. (3.3) and (3.5) turn
out to be satisfied identically. We write the rest of these equations as:

MG+ (0P = (g + (fvads (6.1)
(@) = (g)y + (f). 6.2)
By differentiating (6.1) with i = a1 and using (6.2), we can exclude {o,, () from this equation when i = 1:
M3 = = (8)y = (f) + {ganae + (f1¥e) i (6.3)
As can be seen, {g,,"?) corresponds physically to shearing forces [7]. When i % 1, we obtain torsion equations. Here, we

introduce moment in torsion M = My, — M,,(=% [3]. With allowance for the symmetry of o, with respect to mn, we
obtain the following from (6.1) for the turning moment

M = (gays)y, — {gwa)y + (Faya) — ). 6.9

Together with constitutive relations (4.17) and boundary conditions (5.1), Egs. (6.3), (6.4) form a closed system. Nonlinear
constitutive relations (4:17) distinguish the present approach from conventional beam theories.

7. Modeling a Mesh Problem with Finite-Dimensional Problems. Mesh problem (4.14) can be examined relative to
the displacements

U — ypspepyp — wops + €8,
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where w* are the displacements, determined by the condition (def w*); = y,8;,0;. Since the strains y &6, satisfy the
compatibility condition [7], the displacements w* exist (and are determined in explicit form [7]). This observation is useful in
introducing simplified models for mesh problems. As an example, we will present a simplified model of braided fibers (see Fig.
2) working in tension. The model is shown in Fig. 3, where I represents seven elastic elements corresponding to straight internal
(woven) fibers, II corresponds to an elastic element which represents a braid, and III corresponds to a fiber —braid contact. The
stiffness of the "included" contact is determined (see Fig. 2) similarly to the stiffness of the "floor" for beams on an elastic
foundation [7]. The braid in Fig. 2 has six contact points within the cell. The stiffness of the contact can be determined on the
basis of the fact that misaligned cylinders are in contact with one another in the given case. We should note that A_ and A,
are subject to the condition that their mutual displacement be equal to e. We ignored the bending of the cell that might have
occurred (due to its asymmetry).

8. Dynamic Problem. This problem arises when allowance is made for inertial forces [which corresponds to the
replacement of & ™f by ¢™2f + ¢ %pu ,® in Eq. (1.3)]. The analog of inequality (1.3) is obtained in this case (this is examined
in greater detail in [5, 6]). The multiplier £~2 in the dynamic term is connected with allowance for the order of the linear density
of the beam. The formal asymptotic expansion which is analogous to (2.1)-(2.3) can be used to solve the given problem. As
above, only the equation of transverse vibration is of interest in the calculations:

MSt_l,aLk = - (ga>y - (ftx) + (glya>y.l.x + (fﬁa).k + (P) “Sg)u + <p)’u) ufg)ulx- (81)

The nonclassical term in (8.1) is the term containing u, ,,,@. At the same time, the appearance of this term has a natural
explanation within a mechanical context. The multiplier (py,) with u, 4,,” characterizes the asymmetry of the mass distribution
over the cross section of the rod (this asymmetry being expressed in dynamic processes). For symmetrical beams, {py,} = 0.
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